By exploiting the correspondence between Random Regge triangulations (i.e., Regge triangulations with variable connectivity) and punctured Riemann surfaces, we are able to characterize the SU (2) Wess-ZuminoWitten model on a triangulated surface of genus g.
Introduction
According to the holographic principle, in any theory combining quantum mechanichs with gravity the foundamental degrees of freedom are arranged in such a way to give a quite peculiar upper bound to the total number of independent quantum states. The latter are indeed supposed to grow exponentially with the surface area rather than with the volume of the system. The standard argument motivating such a view of the holographic principle relies on the finitess of the black hole entropy: the number of "bits" of information that can be localized on the black hole horizon is finite and determined by the area of the horizon. This led 't Hooft [1] to conjecture the emergence of discrete structures describing the degrees of freedom localized on the black hole horizon and an explicit and significant example in the context of the S-matrix Ansatz program has been given in [2] . More recently [3] the same author has extended these considerations much beyond the physics of quantum black holes, speculating that a sort of "discrete" quantum theory is at the heart of the Planckian scale scenario, resembling a sort of cellular automaton.
In view of these considerations, simplicial quantum gravity [4] seems a rather natural framework within which discuss the holographic principle. And, in this connection, some of us have recently proposed [5] a holographic projection mechanism for a Ponzano-Regge model living on a 3-manifold with non-empty fluctuating boundary. Related and very interesting scenarios have been proposed also in [6] . Although such a discrete phylosophy seems appealing, it must be said that [5] fails short in bringing water to the mills of the holographic principle since it is difficult to pinpoint the exact nature of the (simplicial) boundary theory which holographically characterizes the bulk Ponzano-Regge gravity. It is natural to conjecture that such a boundary theory should be related with a SU (2) WZW model, but the long-standing problem of the lack of a suitable characterization of WZW models on metric triangulated manifolds makes any such an identification difficult to carry out explicitly. This appears as a rather formidable stumbling block hampering any significant progress in an otherwise promising simplicial implementation of the holographic principle. As a matter of fact, quite indipendently from any holographic issue, the formulation of the WZW model on a discretized manifold is a subject of considerable interest in itself, and its potential field of applications is vast, ranging from the classical connection with Chern-Simons theory and quantum groups, to moduli space geometry and modern string theory dualities. Many of the difficulties in properly formulating WZW theory on a triangulated surface steps from the usual technical problems in putting the dynamics of G-valued fields (G a compact Lie group) on a randomly triangulated space: difficulties ranging from the correct simplicial definitions of the domain of the G-fields, to their non-trivial dependence from the (topology) of the underlying triangulation. A proper formulation becomes much more feasible if one could introduce a description of the geometry of randomly triangulated surface which is more analytic in spirit, not relying exclusively on the minutiae of the combinatorics of simplicial methods. Precisely with these latter motivation in mind some of us have recently looked [7] , [8] into the analytical aspects of the geometry of (random) Regge triangulated surfaces. The resulting theory turns out to be very rich and structured since it naturally maps triangulated surfaces into pointed Riemann surfaces, and thus appears as a suitable framework for providing a viable formalism for characterizing WZW models on Regge (and dynamically) triangulated surfaces. The main goal of this note is to apply the result of [8] to the introduction of a SU (2) WZW model on metrically triangulated surfaces. In order to keep the paper to a reasonable size and in order to coming quickly to grips with the main points involved we limit ourselves here to the characterization of the model in its non-trivial geometrical aspects. We postpone to a following paper a discussion of the relation with Chern-Simons theory which obviously is needed in order to put to the fore the holographic issues that motivated us.
Let us briefly summarize the content of the paper. In section 2, after providing a few basic definitions, we recall the main results of [7] and [8] which feature prominently in the construction of the WZW model on a Regge (and/or dynamical) triangulation. We also recall a few elementary notion of HodgeDeligne theory which bear relevance to the proper geometrical characterization of the model. In section 3 we discuss how we can naturally associate a SU (2) WZW model to a (random) Regge triangulation. We base our construction on the remarkable analysis of the boundary value theory of the WZW due to K. Gawȩdzki [9] . We come to full circle with dynamical triangulation theory when, by analysing the familiar ambiguities in the WZW model associated with the Wess-Zumino term, we realize that dynamical triangulations are somehow favoured as (semi)-simplicial supports of our SU (2) WZW model. We conclude the paper by showing that the SU (2) WZW model on a dynamical triangulation naturally comes endowed with a coupling to a su(2) C -valued gauge field which is directly related with the discretized curvatures of the underlying triangulated surface.
The geometry of random Regge Triangulations
Let M denote a closed 2-dimensional oriented manifold of genus g. A (generalized) random Regge triangulation [7] of M is a homeomorphism |T l | → M where T denote a 2-dimensional semi-simplicial complex with underlying polyhedron |T | and where each edge σ 1 (h) of T is realized by a rectilinear simplex of variable length l(h). Note that since T is semi-simplicial, the star of a vertex σ 0 (j) ∈ T (the union of all triangles of which σ 0 (j) is a face) may contain just one triangle. Note also that the connectivity of T is not a priori fixed as in the case of standard Regge triangulations (see [7] for details). In such a setting a (semi-simplicial) dynamical triangulation |T l=a | → M is a particular case of a random Regge PLmanifold realized by rectilinear and equilateral simplices of a fixed edge-length
The closed stars, in such a subdivision, of the vertices of the original triangulation |T l | → M form a collection of 2-cells {ρ
characterizing the conical Regge polytope |P T l | → M (and its rigid equilateral specialization |P Ta | → M ) barycentrically dual to |T l | → M . The adjective conical emphasizes that here we are considering a geometrical presentation |P T l | → M of P where the 2-cells {ρ
retain the conical geometry induced on the barycentric subdivision by the original metric structure of |T l | → M . This latter is locally Euclidean everywhere except at the vertices σ 0 , (the bones), where the sum of the dihedral angles, θ(σ 2 ), of the incident triangles σ 2 's is in excess (negative curvature) or in defect (positive curvature) with respect to the 2π flatness constraint. The corresponding deficit angle ε is defined by ε = 2π − σ 2 θ(σ 2 ), where the summation is extended to all 2-dimensional simplices incident on the given bone σ 0 . In the case of dynamical triangulations [10] the deficit angles are generated by the numbers #{σ 2 (h)⊥σ 0 (k)} of triangles incident on the N 0 (T ) vertices, the curvature assignments, {q(k)}
N0(T ) k=1
∈ N N0(T ) , in terms of which we can write ε(k) = 2π − πq(k)/3.
It is worthwhile stressing that the natural automorphism group Aut(P l ) of |P T l | → M , (i.e., the set of bijective maps preserving the incidence relations defining the polytopal structure), is the automorphism group of the edge refinement Γ (see [11] ) of the 1-skeleton of the conical Regge polytope
where the vertex set {ρ
is identified with the barycenters of the tri-
is generated by two half-edges ρ 1 (j) + and ρ 1 (j) − joined through the barycen-
of the edges {σ 1 (h)} belonging to the original triangulation |T l | → M . The (counterclockwise) orientation in the 2-cells {ρ 2 (k)} of |P T l | → M gives rise to a cyclic ordering on the set of half-edges {ρ
k=1 . According to these remarks, the (edgerefinement of the) 1-skeleton of |P T l | → M is a ribbon (or fat) graph [11] , viz., a graph Γ together with a cyclic ordering on the set of half-edges incident to each vertex of Γ. Conversely, any ribbon graph Γ characterizes an oriented surface M (Γ) with boundary possessing Γ as a spine, (i.e., the inclusion Γ ֒→ M (Γ) is a homotopy equivalence). In this way (the edge-refinement of) the 1-skeleton of a generalized conical Regge polytope |P T l | → M is in a one-to-one correspondence with trivalent metric ribbon graphs.
When dealing with the WZW model, we shall need to extend G-valued maps, (G being a compact Lie group) from a triangulated surface M to a 3-manifold V M such that ∂V M = M . In order to realize such a V M as a rectilinear (semi)-simplicial complex, consider the first barycentric subdivision
and take a triangulated 3-dimensional handlebody
whose boundary ∂V M = M is realized by the conical Regge polytope
be defined as the cone on such T (1) , viz., the product (
)× {R} identified to a point, and R ∈ R + being a length parameter. Whatever is the explicit (semi-simplicial) realization of V M , take another copy C ′ T (1) of such a handlebody, reverse the orientation on its polytopal boundary ∂V M and glue it to C T (1) along the isometric ribbon graphs Γ and Γ ′ associated with the respective 1-skeletons of |P T l | → M . In this way we get a 3-manifold, the ribbon graph double of V M ,
whose boundary is given by the (disjoint) union of
Note that the 2-spheres S 
Analytical aspects of random Regge triangulations
Let lk(σ 0 ) be the link of the generic vertex σ 0 , (the union of all faces 
On any such a disk C|lk(σ 0 (k))| we can introduce [7] , [8] a locally uniformizing complex coordinate ζ(k) ∈ C in terms of which we can explicitly write down a conformal conical metric locally characterizing the singular Euclidean structure of |T l | → M , viz.,
where ε(k) is the corresponding deficit angle, and u :
both → 0, [12] , [13] . Up to the presence of e 2u , we immediately recognize in such an expression the metric g θ(k) of a Euclidean cone of total angle θ(k) = 2π − ε(k). The factor e 2u allows to move within the conformal class of all metrics possessing the same singular structure of the triangulated surface |T l | → M .
The complex structure (6) associated with |T l | → M is difficult to handle explicitly. As we have shown in [7] , [8] it is much easier to deal with the complex structure ((M ; N 0 ), C) corresponding to the dual polytope |P T l | → M . This latter is defined by exploiting [11] the ribbon graph associated with the oneskeleton of |P T l | → M , and for later use we need to recall some of the notations conventions and results of [8] . Let ρ 2 (k) be the generic two-cell
l(ρ 1 (h)) being the length of the edge considered. The uniformizing coordinate w(j), corresponding to the generic 3-valent vertex ρ
where δ > 0 is a suitably small constant. Finally, the two-cell ρ 2 (k) is uniformized in the unit disk
where σ 0 (k) is the vertex ∈ |T l | → M corresponding to the given two-cell.
The various uniformizations {w(j),
h=1 , and
can be coherently glued together by noting that we can associate to them a Jenkins-Strebel quadratic differential φ with a canonical local structure which is given by [11] (
where {ρ 0 (j), ρ 1 (h), ρ 2 (k)} runs over the set of vertices, edges, and 2-cells of
, and φ(k)| ρ 2 (k) must be identified on the non-empty pairwise intersections
we can define a complex structure ((M ; N 0 ), C) by coherently gluing, along the pattern associated with the ribbon graph Γ, the local uniformizations
k=1 . Explicitly, (see [11] for the general theory and [7] , [8] for the application to simplicial gravity), let {U ρ 1 (jα) }, α = 1, 2, 3 be the three generic open strips associated with the three cyclically oriented edges {ρ 1 (j α )} incident on the generic vertex ρ 0 (j). Then the uniformizing coordinates {z(j α )} are related to w(j) by the transition functions
Similarly, if {U ρ 1 (k β ) }, β = 1, 2, ..., q(k) are the open strips associated with the q(k) (oriented) edges {ρ 1 (k β )} boundary of the generic polygonal cell ρ 2 (k), then the transition functions between the corresponding uniformizing coordinate ζ(k) and the {z(k β )} are given by [11] 
For any closed curve c :
which shows that the geometry associated with φ(k) ρ 2 (k) is described by the cylindrical metric canonically associated with a quadratic differential with a second order pole, i.e.
Thus, the punctured disk ∆ *
endowed with the flat metric |φ(k) ρ 2 (k) |, is isometric to a flat semi-infinite cylinder. We can keep track of the conical geometry of the polygonal cell ρ 2 (k) ∈ |P T l | → M by noticing that for a given deficit angle ε(k) = 2π −θ(k), the conical geometry (6) and the cylindrical geometry (14) can be conformally related on each punctured disk ∆ * k ⊂ U ρ 2 (k) according to [8] 
With these notational preliminary remarks along the way, the basic relation between punctured Riemann surfaces and random Regge triangulation established in [7] , [8] can stated according to (see e.g. [8] , proposition 3) 
provided by Recall that the moduli space M g , N0 of genus g Riemann surfaces with N 0 punctures is a dense open subset of a natural compactification (Knudsen-DeligneMumford) in a connected, compact complex orbifold denoted by M g , N0 . This latter is, by definition, the moduli space of stable N 0 -pointed curves of genus g, where a stable curve is a compact Riemann surface with at most ordinary double points such that its parts are hyperbolic. The closure ∂M g , N0 of M g , N0 in M g , N0 consists of stable curves with double points. The notation P g , N0 emphasizes the fact that the surface ((M ; N 0 ), C) ∈ M g , N0 naturally carries the decoration provided by a choice of local coordinates ζ(k) around each puncture, of the corresponding meromorphic quadratic differential φ(k)| ρ 2 (k) and of the associated conical metric ds 2 (k) . It is through such a decoration that the punctured Riemann surface ((M ; N 0 ), C) keeps track of the metric geometry of the conical Regge polytope |P T l | → M out of which ((M ; N 0 ), C) has been generated.
Further analytical properties of triangulated surfaces have their origin in the Hodge (see e.g., [14] ), geometry of the corresponding punctured Riemann surface. To this end, let us consider the collection of N 0 meromorphic 1-forms associated with the quadratic differentials {φ(k)},
where {p j } are the punctures (here playing the role of the divisor of √ φ), and Ω 1 ({p j }) denotes the space of meromorphic 1-forms ϑ with divisor (D ϑ ) ≤ {p j }. In each uniformization ζ(k) we have
where the subscript DT refers to dynamical triangulations. According to (13) the residues of { φ(k)} provide the perimeters {l(∂(ρ 2 (k)))}. However, the role of { φ(k)} is more properly seen in connection with the introduction, on the cohomology group H 1 (M, N 0 ; C), of an Hodge structure analogous to the classical Hodge decomposition of H h (M ; C) generated by the spaces H r,h−r of harmonic h-forms on M of type (r, h−r). Such a decomposition does not hold, as it stands, for punctured surfaces (since H 1 (M, N 0 ; C) can be odd-dimensional), but it can be replaced by the mixed Deligne-Hodge decomposition defined by p,r I p,r where
with dim C I 1,1 = N 0 − 1, and where
, denotes the space of holomorphic 1-forms on M , [14] . More explicitly, the subspace I 1,1 can be characterized as
where H 0 (M, N 0 ) denotes the space of real-valued harmonic functions on M which have at worst logarithmic singularities along the N 0 punctures. It follows that the forms { φ(k)} N0 k=1 are in I 1,1 (at the level of cohomology, i.e. up to exact forms), for we can write
The WZW model on a Regge polytope
Let G be a connected and simply connected Lie group. In order to make things simpler we shall limit our discussion to the case G = SU (2), this being the case of more direct interest to us. Recall [9] that the complete action of the WessZumino-Witten model on a closed Riemann surface M of genus g is provided by
where h : M → SU (2) denotes a SU (2)-valued field on M , κ is a positive constant (the level of the model), √ −1 appears in order to preserve the unitarity of the theory, tr(·) is the Killing form on the Lie algebra (normalized so that the root has length √ 2) and S W Z (h) is the topological Wess-Zumino term needed [15] to restore conformal invariance of the theory at the quantum level. Explicitly, S W Z (h) can be characterized by extending the field h : M → SU (2) to maps h : V M → SU (2) where V M is a three-manifold with boundary such that ∂V M = M , and set
where h * χ SU(2) denotes the pull-back to V M of the canonical 3-form on SU (2)
(recall that for SU (2), χ SU(2) reduces to 4µ S 3 , where µ S 3 is the volume form on the unit 3-sphere S 3 ). As is well known, S W Z (h) so defined depends on the extension h , the ambiguity being parametrized by the period of the form χ SU(2) over the integer homology H 3 (SU (2)). Demanding that the Feynman amplitude e −S W ZW (h) is well defined requires that the level κ is an integer.
Polytopes and the WZW model with boundaries
In view of the results recalled in section 2, there is a natural way to define a WZW model on a random Regge polytope. According to proposition 1, the general strategy is to map the Regge polytope |P T l | → M into the corresponding N 0 -pointed Riemann surface ((M ; N 0 ), C) and formulate WZW theory there. Since ((M ; N 0 ), C) is punctured, such a procedure naturally calls into play the theory of boundary conditions in the WZW model (see the elegant presentation in [9] ); moreover, ((M ; N 0 ), C) carries along decorations which dress the corresponding WZW theory. Explicitly we can proceed as follows.
Let us consider the Riemann surface ((M ; N 0 ), C) endowed with its natural decoration provided by the quadratic differential φ, (10). To ((M ; N 0 ), C; φ) we can associate the surface with boundary
where ∆ * k ⊂ U ρ 2 (k) is the punctured disk (15) , and where
each circle S 1 k ≃ ∂U ρ 2 (k) being the image under the map Υ (17) of the corresponding oriented ∂(ρ 2 (k)). Note that such a surface naturally corresponds to the (edge-refinement) of the 1-skeleton
According to (13) we have
We can interpret such l(∂(ρ 2 (j))) as an element of the Cartan subalgebra of su(2) by setting
(where we have normalized to the level κ) and consider the associated conjugacy class
Thus, in formulating the WZW model on |P T l | → M it is natural first to restrict our attention to SU (2) valued maps on the 1-skeleton of
defined by
where h : ((M ; N 0 ), C; φ) → SU (2) satisfies the fully symmetric conformal boundary conditions [16] ,
The advantage of such a choice of boundary conditions is that when restricted to any such a conjugacy class C j , the 3-form χ SU(2) (26) becomes exact, and one can write
where the 2-form ω j is provided by
In such a case, we can extend [9] the map h :
from the closed surface ((M ; N 0 ), C) to SU (2) in such a way that h(U ρ 2 (j) ) ⊂ C j . This naturally induces (via the map Υ) a corresponding extension η from the 1-skeleton to the whole Regge polytope
Following then an elegant procedure (for Riemann surfaces with boundary) discussed in [9] we can define the SU (2) WZW action on |P T l | → M according to
where the Wess-Zumino term S W Z (h) is now provided by
V M being the 3-dimensional handlebody (2) bounded by ((M ; N 0 ), C). Such a Wess-Zumino part is ambiguous up to terms of the form
where V M is the 3-manifold (ribbon graph) double of V M , (see (3)) and S 2 j are its N 0 boundary 2-spheres (4). The term (41) corresponds to the periods of (χ SU(2) , ω j ) over the relative integer homology groups H 3 (SU (2), ∪ N0 j=1 C j ). An explicit computation carried out in [9] shows that such ambiguities yield a well defined Feynman amplitude e 
It is interesting to remark that such constraints seem to favour dynamical triangulations (with given curvature assignments q(j) ≤ κ/2) with respect to the generic random Regge triangulation. It is then natural to define the WZW model on a dynamically triangulated surface M according to the following result which is a straightforward application of the above remarks.
denote the set of distinct dynamically triangulated surfaces of genus g with a given set of curvature assignments {q(i)} 
and where the cut-off a is such that
It is important to stress that the integration over the Riemann surface ((M ; N 0 ), C) featuring in the definition of S
W ZW
|T l=a | (η) localizes on the corresponding dynamical triangulation, and we are fully entitled to consider S
|T l=a | (η) a combinatorial version of the WZW action, (notwithstanding its continuous appearance). Observe also that by considering SU (2) valued maps on a dynamical triangulations (and more generally on a random Regge polytope), the natural outcome is not just a WZW model generated according to the above prescription. The decoration of the pointed Riemann surface ((M ; N 0 ), C) with the quadratic differential φ, (which, in the case of dynamical triangulations, amounts in giving the deficit angles via the curvature assignments {q(i)} N0 i=1 ), naturally couples the model with a gauge field A. In order to see explicitly how this coupling works, we exploit the Hodge-Deligne decomposition defined in subsection 2.2, and observe that on the Riemann surface ((M ; N 0 ), C) associated with the Regge polytope |P Ta | → M dual to |T l=a | → M we can introduce √ −1su(2) valued flat gauge potentials A locally defined by
around each puncture p i and where γ i ∈ SU (2). The action S
|T l=a | (η) gets correspondingly dressed according to the standard prescription (see e.g. [9] )
where A 1,0 ∈ I 1,0 and A 0,1 ∈ I 0,1 respectively (see (21)) . We note that this action can be used to describe coset G\H WZW models, again in the case of compact groups. Moreover, an extension of the present formulation to non compact groups should allow, among other things, to study WZW models with non compact target space [17] , a topic which has found important applications in string theory.
Concluding remarks
The quantum amplitude associated with the above WZW model is formally given by the functional integral
over maps η as in (38) satisfying the boundary conditions { η| S 1 j ∈ C j }, and where D η is the local product ζ∈((M;N0),C) d η(ζ) over ((M ; N 0 ), C) of the SU (2) Haar measure. The formal expression (47) takes value in a bundle, over the moduli space M g , N0 , whose fibers are suitable equivalence classes of maps U ρ 2 (j) → SU (2) related to the boundary values { η| S 1 j ∈ C j }. As in standard WZW theory, the study of the modular properties of (47) over M g , N0 is strictly related to Chern-Simons theory on the ribbon graph double V M of the 3-manifold V M . Since this latter is a (semi)-simplicial 3-dimensional complex (see (3)) one should naturally end up with a strict connection between A |PT l | (((M ; N 0 ), C); A) and one of the regularized version of Ponzano-Regge theory (e.g., Turaev-Viro invariants for 3-manifolds). In particular, it is reasonable to conjecture that the correlation functions associated with the WZW model described by the action S W ZW |PT l | ( η, A) are related to a (simplicial representation of) Chern-Simons states on V M . The latter theory is an example of a topological, or more properly, of a cohomological model. When there is no boundary it is characterized by a small (finite dimensional) Hilbert space of states; in the presence of boundary, however, cohomology increases and the model becomes similar to an ordinary QFT. A puncture on a Riemann surface, for istance, makes the cohomology bigger and this is precisely the case we are dealing with, having a decorated Riemann surface. Further evidence of the existence of such a connection between our WZW model, 2-dimensional simplicial quantum gravity, and regularized Ponzano-Regge theories comes from observing that the integral over the moduli space M g , N0 
with respect to the Weil-Petersson measure dV W −P , can be easily related, (see [8] for such a transcription in the case of pure gravity), to the statistical sum
where {q(i)≤κ}
denotes summation over all possible curvature assignments satisfying the constraint q(j) ≤ κ/2. The above statistical sum can be thought of as describing the simplicial formulation of the coupling of the SU (2) WZW model with 2D-gravity, (here connected with the {q(j)}-dependent gauge field A). Thus we come to a conjectural full circle: the boundary discretized degrees of freedom of the SU (2) WZW theory coupled to the possible random geometries of the boundary should somehow characterize the states of the bulk theory on V M . In particular it would be interesting to see how one reconstructs spacetime starting from the boundary theory, a sort of holographic RG according to modern AdS/CFT terminology [18] , but probably a more general feature of gravity theories is active in the presence of boundaries. This line of reasoning can be also applied in the case of the addition of bulk matter, starting then from a boundary theory decorated by additional labels associated with the Wilson lines touching the boundary. We leave the analysis of some of such issues and of the explicit relation with Chern-Simons theory on V M to a forthcoming paper.
